The properties of the Das-Popowicz Moyal momentum algebra that we introduce in hep-th/0207242 are reexamined in details and used to discuss some aspects of integrable models and 2d conformal field theories. Among the results presented we setup some useful convention notations which lead to extract some non trivial properties of the Moyal momentum algebra. We use the particular sub-algebra sl n − Σ (0,n) n to construct the sl 2 -Liouville conformal model ∂∂φ = (φ 1 +2φ 2 ) . We show also that the central charge, a la Feigin-Fuchs, associated to the spin-2 conformal current of the θ-Liouville model is given by c θ = (1+24θ 2 ). Moreover, the results obtained for the Das-Popowicz Mm algebra are applied to study systematically some properties of the Moyal KdV and Boussinesq hierarchies generalizing some known results. We discuss also the primarity condition of conformal w θ -currents and interpret this condition as being a dressing gauge symmetry in the Moyal momentum space. Some computations related to the dressing gauge group are explicitly presented.
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Introduction
Two dimensional integrable models [1] in connection with conformal field theories [2] and their underlying lower (s ≤ 2) [3, 4, 5, 6, 7 ] and higher (s ≥ 2) [8, 9] spin symmetries, occupy, for several years, a central position in various area of research. More particularly, a lot of interest has been paid to W -symmetries [5] , which are infinite dimensional algebras extending the conformal invariance (Virasoro algebra) by adding to the energy momentum operator T (z) ≡ W 2 , a set of conserved currents W s (z), of conformal spin s > 2 with some composite operators necessary for the closure of the algebra.
In the language of 2d conformal field theory, the above mentioned currents W s are taken in general as primary satisfying the OPE [2] T (z)W s (ω) =
or equivalently,
under a general change of coordinate (diffeomorphism) x →x(x) with J = ∂x ∂x is the associated Jacobian.
These W -symmetries exhibit among other a non linear structure and are not Lie algebra in the standard way as they incorporate composite fields in their OPE.
In integrable models these higher spin symmetries appear such that the Virasoro algebra W 2 defines the second Hamiltonian structure for the KdV hierarchy [10, 11] , W 3 for the Boussinesq [12] and W 1+∞ for the KP hierarchy [13] and so one. These correspondences are achieved naturally in terms of pseudo-differential Lax operators [14] L n = j∈Z u n−j ∂ j ,
allowing both positive as well as nonlocal powers of the differential ∂ j . The fields u j of arbitrary conformal spin j did not define a primary basis. The construction of primary fields from the u j one's is originated from the well known covariantization method of Di-Francesco -Itzykson-Zuber (DIZ) [15] showing that the primary W j fields are given by adequate polynomials of u j and their k-th derivatives u (k) j .
More recently there has been a growth in the interest in non-commutative geometry (NCG), which appears in string theory in several ways [16] . Much attention has been paid also to field theories on NC spaces and more specifically Moyal deformed space-time, because of the appearance of such theories as certain limits of string, D-brane and M-theory [17] . Non-commutative field theories emerging from string (membrane) theory stimulate actually a lot of important questions about the non-commutative integrable systems and how they can be described in terms of star product and Moyal bracket [18] [19] [20] [21] [22] [23] [24] . Recall that in the Moyal momentum algebra the ordinary pseudo differential Lax operators eq (3) are naturally replaced by momentum Lax operators
satisfying a non-commutative but associative algebra inherited from the star product.
The principal focus of this work and of our earlier note [25] is to provide new insights into integrable models and conformal field theories in the non-commutative geometry framework. The key step towards achieving this aim is via the Moyal momentum algebra introduced in [21] and that we call the Das-Popowicz Mm algebra Σ(θ). We will setup the basic lines of this algebra and study its important properties systematically and look for some important implications of this algebra in integrable hierarchies and conformal field theories.
We present this work as follows: We start in section 2 by a setup of our convention notations with the basic definitions and present is section 3 a systematic study of the Das-Popowicz Moyal momentum algebra and we show among other results that we can use the sub-algebras sl n − Σ (0,n) n to build the θ extended sl 2 -Liouville and sl 3 -Toda conformal field theories.
The results obtained for the Das-Popowicz Mm algebra, are applied is section 4 to study some θ deformed properties of sl 2 -KdV and sl 3 -Boussinesq integrable hierarchies. Our contributions to this study consist in extending the results found in [23] by increasing the order of computations a fact which leads us to discover more important properties. As an original result, we build the θ-deformed sl 3 -Boussinesq hierarchy and derive the associated θ-flows.
The next step, section 5, concerns the θ-generalization of some properties, that we presented in an unpublished note [26] , based essentially on the idea to use the dressing gauge group of Lorentz scalar momentum operators K[a] to discuss the Moyal DIZ-covariantization of sl n − Σ (0,n) n Lax operators and the primarity condition.
Recall that the standard method for constructing primary fields w k , is based on the well known DIZ covariantization method of Lax differential operators [15] . This method has leads to build in a successful way all the w k conformal primary fields as functions of the old ones u k by covariantizing the corresponding Lax operators. Actually this method was extended and applied to the Moyal momentum case by the authors of [24] and has leads to build the θ-deformation of the classical w k -algebra.
Our alternative way consists in searching for the form of the dressing gauge symmetry {K[a]} ensuring in one hand the transition
from different basis of conformal fields belonging to the ring Σ (0,0) n , n ≥ 0 and on the primarity condition on the other hand. In fact, our request of the invariance of sl n momentum Lax operators under the action of the dressing gauge group makes strong constraints on the gauge parameters a i as it's explicitly shown in the sl 3 and sl 4 examples. Once these parameters are well derived, the associated gauge group is then explicitly determined.
The knowledge of the dressing gauge symmetry may provides a geometrical interpretation of the primarity condition of conformal fields as being a gauge choice on some orbit that we call the dressing gauge orbit. Elements of this orbit are well defined gauge dressing groups {K i [a]} such that each position on this orbit is characterized by a fixed dressing operator K i which fixes in turn the gauge group.
Basic definitions and convention notations
We need first of all to specify the nature of the objects that we will use in this work. The functions often involved in the two dimensional phase-space are arbitrary functions which we generally indicate by f (x, p) with coordinates x and p. With respect to this phase space, we have to define the following objects:
1. The constants f 0 defined such that
The functions u i (x, t) depending on an infinite set of variables t 1 = x, t 2 , t 3 , ..., with
The index i, stands for the conformal weight of the field u i (x, t). These functions can be considered in the complex language framework as being the analytic (conformal ) fields of conformal spin i = 1, 2, ....
3.
Others objects that we will use are the ones given by
which are objects of conformal weight (i+j) living on the non-commutative space parametrized by θ. Through this work, we will use the following convention no-
, where the symbol [ ] stands for the conformal dimension of the used objects.
4.
The star product law defining the multiplication of objects in the noncommutative space is shown to satisfy the following expression
5.
The Moyal bracket is defined as [18] {f
6. To distinguish the classical objects from the θ-deformed ones, we consider the following convention notations: a) Σ (r,s) m : Denoting the space of of momentum Lax differential operators of conformal spin m and degrees (r, s) with r ≤ s. Typical operators of this space are given by
m : This is the space of the coefficient functions of conformal spin m; m ∈ Z, which may depend on the parameter θ. It coincides in the classical limit, θ = 0, with the ring of analytic fields involved into the construction of conformal symmetry and W -extensions. c) Σ (k,k) m : Is the space of momentum operators type,
We will show later how this θ-residue operation is related to the classical residue "Res"
7. Some useful formulas
3 The Das-Popowicz Mm algebra
We denote this algebra in our convention notation by Σ(θ). This is the algebra based on arbitrary momentum Lax operators and which decomposes as:
In order to construct this huge momentum algebra Σ, we will start first by looking at the important algebraic properties of its sub-algebras.
The Ring of analytic functions:
At the beginning, we note that its its convenient to to use the complex notation which consists to define the two dimensional Euclidean space parametrized by z = t + ix andz = t − ix. In this notation the functions u k (x, t) ≡ u k (z).
It's then convenient to start by introducing the space of these analytic functions of arbitrary conformal spin. This is the space of completely reducible infinite dimensional so(2) Lorentz representation that can be written as
where the Σ (0,0) k 's are one dimensional so(2) spin k irreducible modules. The upper indices (0, 0) carried by the space, Σ (0,0) ), are special values of general indices (p, q) to be introduced later on.
The generators of these spaces are given by the spin k analytic fields. They my be viewed as analytic maps u k which associate to each point z on the unit circle, the fields u k (z). For k ≥ 2, these fields can be thought of as the higher spin currents involved in the construction of w θ -algebras.
As we are interested in the θ-deformation case, we have to add that the spaces Σ (0,0) k are θ-depending and the corresponding w θ -algebra is shown to exhibit new properties related to the θ parameter and reduces to the standard w-algebra once some special limits on the θ parameters are performed.
As an example, consider for instance the w 3 θ -algebra [23] generalizing the Zamolodchikov algebra [8] . The conserved currents of this extended algebra are shown to take the following form
which coincides with the standard case once θ = .
As in infinite dimensional spaces, elements Φ of the spin tensor algebra Σ (0,0) (θ) are constructed from the field basis {u k , k ∈ Z} as follows
where only a finite number of the coefficients c(k) is non-vanishing. Next we introduce the following θ-invariant scalar product , θ ≡ , in the tensor algebra Σ
The θ-invariance of the introduced "scalar" product, is due to the fact that ∂ p u k = 0. Using the above product, its not difficult to see that the one dimensional subspaces Σ 
From these equations, we read in particular that Σ would be self dual with respect to the product (19) .
Another fact is that these product carries a non vanishing conformal spin quantum number since from dimensional arguments , it behaves as a conformal object of weight ∆(<, >) = −1 as we can easily check from equation (19) . This property shows that the product , don't behaves as a true scalar product and we shall then think to introduce the true Lorentz scalar product.
Later on, we will show that it is possible to introduce this object that is the combined scalar product <<, >> build out of (19) To start let's precise that this space contains momentum operators of fixed conformal spin m and degrees (r,s), type
These are θ-differentials whose operator character is inherited from the star product law defined as follows:
and f (x, p) are arbitrary functions on the phase space. Using this relation, it is now important to precise how the momentum operators act on arbitrary functions f (x, p) via the star product.
Performing computations based on the relation (22), we find the following θ-Leibnitz rules:
and
where
We find also the following expressions for the Moyal bracket:
These equations don't contribute for even values of s as we can show in the following few examples
We can then simplify eqs. (27) and write
with c 
Now, having derived and discussed some important properties of the Leibnitz rules, we can also remark that the momentum operators p i satisfy the algebra
which ensures the suspected rule 
which corresponds to the so called Volterra representation usually used in the derivation framework of the Gelfand-Dickey second Hamiltonian structure.
An important algebraic property of the space Σ (r,s) m is that it may decomposes into the underlying subspaces as
are unidimensional subspaces containing prototype elements of kind
Using the θ-Leibniz rule, we can write, for fixed value of k: Σ
is the standard one dimensional sub-space of Laurent series objects
This property can be summarized as follows
Furthermore, the unidimensional subspaces Σ (k,k) m can be written formally as
is nothing but the ring of analytic fields u m of conformal spin m ∈ Z satisfying
Another property concerning the space Σ (r,s) m is its non closure under the action of the Moyal bracket since we have;
Imposing the closure, one gets strong constraints on the integers m, r and s
With these constraint equations, the sub-spaces Σ (r,s) m exhibit then a Lie algebra structure since the ⋆-product is associative.
The sub-space Σ (r,s) m is characterized by the existence of a residue operation that we denote as Res and which acts as follows
This result coincides with the standard residue operation: Res, acting on the sub-space Σ (r,s)
We thus have two type of residues Res and Res acting on two different spaces Σ m+1 . This Property is summarized as follows:
We learn from this diagram that the residue operation exhibits a conformal spin quantum number equal to 1. With respect to the previous residue operation, we define on Σ the following degrees pairing product
showing that the spaces Σ As discussed previously, the subspaces Σ (r,s) m exhibit a Lie algebra structure with respect to the Moyal bracket once the spin-degrees constraints eq.(41) are considered. With these conditions one should note that the huge Lie algebra that we can extract from the space Σ 
where Σ is the Lie algebra of local Lorentz scalar momentum operators L 0 (u) = u −1 ⋆ p + u 0 . The latter can splits as follows
where Σ
is the Lie algebra of vector momentum fields J 0 (u) = u −1 ⋆ p which are also elements of Σ (0,1) 0 . As a prototype example, consider
. Straightforward computations lead to the following Moyal bracket algebra;
with
Forgetting about the fields (of vanishing conformal spin) belonging to Σ (0,0) 0 is equivalent to consider the coset space
The extension of these results to non local momentum operators is natural. In fact, one easily show that the previous Lie algebras are simply sub-algebras of the huge momentum space Σ
and by virtue of (47) 
The huge space Σ
This is the algebra of momentum operators of arbitrary conformal spin and arbitrary degrees. It is obtained by summing over all allowed values of spin and degrees in the following way
This infinite dimensional momentum algebra is closed under the Moyal bracket without any condition. A remarkable property of this space is the possibility to introduce six infinite dimensional classes of momentum sub-algebras related to each others by special duality relations that we will precise. These classes of algebras are given by Σ ± s , with s = 0, +, − describing respectively the different values of the conformal spin which can be zero, positive or negative. The ± upper indices stand for the values of the degrees quantum numbers.
As we explicitly show in sec. 
showing that the spaces Σ in the classical case [7] .
To illustrate this Res-duality, let's consider the following example
andL
One can easily check that these momentum operators are Res-duals to each others. In fact, computing Res{L ⋆L} one find the following result
showing that
. We learn also that Res{L ⋆L} is an object of conformal spin 1.
Since we usually require for L(u 0 , u 1 , u 2 ) to be an sl 2 -Lax momentum operator, we may set
These conditions on the space Σ (0,2) 2 will respectively induce two dual constraints on the space Σ
The latter equation is nothing but the constraint which leads to fix the value of the field v 0 , the Res-dual of of u 1 = 0. Computing this Moyal bracket for this simple example we find
The sl 2 constraint equations mean also that the real Res-dual of Σ
as the lower term inL −2 namely v 1 ⋆ p −3 does not contribute. For the second example namely: sl 3 , we have
These momentum operators are Res-duals to each others. In fact, once again, explicit computations give
The field v 0 is subject to the following constraint on the Moyal bracket
which gives
Note finally that we can generalize this analysis to build the Res-dual for Lax momentum operators of higher degrees. Requiring the sl n symmetry, one show the following result
and the Res-dual of the field u 1 = 0 namely v 0 is obtained once we solve the general constraint equation
(θ) and 2d conformal field theory This is simply the coset space Σ
where we have set u 0 = 1 and u 1 = 0. This is a natural generalization of the well known sl 2 -momentum Lax operator
associated to the θ-KdV integrable hierarchy that we will discuss later.
sl n -momentum Lax operators play a central role in the study of integrable models and more particularly in deriving higher conformal spin algebras (w θ -algebras) from the θ-extended Gelfand-Dickey second Hamiltonian structure [23] . Since they are also important in recovering 2d conformal field theories via the Miura transformation, we guess that its possible to extend this property, in a natural way, to the non-commutative case and consider the θ-deformed analogue of the well known 2d conformal models namely: the sl 2 -Liouville field theory and its sl nToda extensions and also the Wess-Zumino-Novikov-Witten conformal model.
As an example consider the θ-KdV momentum Lax operator that we can write as
where φ is a Lorentz scalar field. As a result we have
which is nothing but the θ analogue of classical stress energy momentum tensor of 2d conformal Liouville field theory. Using 2d complex coordinates language, we can write
. The conservation for this conformal current namely∂T (z) = 0, leads to write the following θ-Liouville equation of motion
associated to the two dimensional θ-Liouville action
with ∂φ ⋆∂φ = ∂φ∂φ.
Note by the way that we may interpret the inverse 1 θ of the non-commutative θ-parameter as being the analogue of the Cartan matrix of sl 2 because in the classical limit this Cartan matrix is known to be (a ij ) = 2 Another important point is that we know from the standard 2d CFT [2] that the object T zz satisfying
is nothing but the Feigin-Fuchs representation of the conserved current generating the conformal invariance of a quantum conformal model with the central charge
Using this standard result, we can conclude that the θ-conformal current that we derive in eq(76) (with the rescaling φ ≡ 1 2 φ) is associated to the θ-Liouville model having the central charge
where the non-commutative parameter is shown to coincide with α 0 as follows
The analysis that we use to derive the θ-Liouville equation and its central charge a la Feigin-Fuchs, can be generalized to higher conformal spin Toda field theories associated to sl n symmetry with (n − 1)−conserved currents T (z), w 3 , w 4 , ...w n .
The first non trivial θ-deformed Toda field theory is the one associated to the sl 3 momentum Lax operator
It reads in the Miura transformation as
where φ k are Lorentz scalar fields s.t. [φ k ] = 0. Identifying the two expressions of L 3 , we obtain
Now its important to look for the associated sl 3 -Toda equations of motion. This is a set of two independent equations having the following form in the (commutative) standard case.
where K ij is the Cartan matrix of sl 3 of rank 2 and where a, b are arbitrary constants that can be choice in a convenient way. Performing the same techniques used in deriving the θ-Liouville equation of motion eq.(77), we find the following θ-deformed sl 3 -Toda equations
These equations are compatible with the conservation of the conformal spin two current eq(83).
Once again one can see the Cartan matrix of sl 3 as being a θ −1 dependent object. In fact, from the previous established Toda equations of motion, the θ-deformed Cartan matrix of 
Finally we note that all the properties discussed above may be generalized to the sl n case. This is an explicit proof of the importance of the algebraic structure inherited from the Das-Popowicz Moyal momentum algebra. Actually we showed how these algebra may leads to extend, in a successful, way all the important properties of 2d CFT theories. We will present in the next section some other applications of the momentum algebra in θ-integrable KdV hierarchies 4 sl n -Moyal KdV-hierarchy
The aim of this section is to present some results related to the θ-KdV hierarchy. Using our convention notations [25] and the analysis that we developed previously, we will perform hard algebraic computations and derive the θ-KdV hierarchy. The obtained results are shown to be compatible with those presented in [23] .
These computations are very hard and difficult to realize in the general case. We will simplify this study by limiting our computations to the first orders of the hierarchy namely the sl 2 -KdV and sl 3 -Boussinesq θ-integrable hierarchies.
Our contribution to this study consists in extending the results found in [23] by increasing the order of computations a fact which leads us to discover more important properties as we will explicitly show. As an original result, we will build the θ-deformed sl 3 -Boussinesq hierarchy and derive the associated θ-flows. Some other important results are also presented.
sl 2 -KdV hierarchy
Let's consider the sl 2 -momentum Lax operator
whose 2th root is given by
This 2th root of L 2 is an object of conformal spin [L 1 2 ] = 1 that plays a central role in the derivation of the θ-Lax evolutions equations. In the spirit to contribute much more to this sl 2 -KdV hierarchy, it was important for us to recover the already established results [23] .
Performing lengthy but straightforward calculations we compute the coefficients b i+1 of L 1 2 up to i = 7 given by 1 :
b 10 = 
. . .
(92) with
Now having derived the explicit expression of L 1 2 , we are now in position to write the explicit forms of the set of sl n -Moyal KdV hierarchy. These equations defined as
are computed in [23] up to the first three flows t 1 , t 3 , t 5 . We work out these equations by adding other flows namely t 7 and t 9 . We find 
Ssome important remarks are in order:
1. The flow parameters t 2k+1 has the following conformal dimension [∂ t 2k+1 ] = −[t 2k+1 ] = 2k + 1 for k = 0, 1, 2, ...,.
2.
A remarkable property of the sl 2 -Moyal KdV hierarchy is about the degree of non linearity of the θ-evolution equations (95). We present in the following table the behavior of the higher non-linear terms with respect to the first leading flows t 1 , ..., t 9 and give the behavior of the general flow parameter t 2k+1 .
Flows
The higher n.l. 
where η is an arbitrary constant.
This result shows among others that the θ-evolution equations (95) exhibit at most a nonlinearity of degree (k) associated to a term proportional to (2k + 1)(2k − 1)u k u ′ . The particular case k = 0 corresponds to linear wave equation.
3.
The contribution of non-commutativity to the Moyal KdV hierarchy shows a correspondence between the flows t 2k+1 and the non-commutativity parameters θ 2(k−s) , 0 ≤ s ≤ k. Particularly, the higher term θ 2(k) is coupled to the k−th prime derivative of u 2 namely u (k) while the higher non linear term η(2k +1)(2k −1)u k u ′ is a θ-independent object as its shown in eq.(95).
4.
In analogy with the classical case, once the non linear terms in the θ-evolution equations are ignored, there will be no solitons in the KdV-hierarchy as the latter's are intimately related to non linearity [1] .
sl 3 -Boussinesq Hierarchy
The same analysis used in deriving the sl 2 -KdV hierarchy is actually extended to build the sl 3 -Boussinesq Moyal hierarchy. The latter is associated to the momentum Lax operator L 3 = p 3 + u 2 ⋆ p + u 3 whose 3 − th root reads as
. Explicit computations lead to
(u 2 u {−2u 2 u 3 + 2θu
2 }.p
2 }p
Furthermore, using the Moyal sl 3 -Lax evolution equations
that we compute explicitly for k = 1, 2, 4 we obtain
Identifying both sides of the previous equations, one obtain the following first leading evolution equations
. (102)
These equations define what we call the Moyal sl 3 Boussinesq hierarchy. The first two equations are simply linear θ-independent wave equations fixing the dimension of the first flow parameter t 1 to be [
The non trivial flow of this hierarchy starts really from the second couple of equations associated to t 2 . We will discuss in the next section, how its important to deal with the basis of primary conformal fields v k instead of the old basis u k . Anticipating this result, one can write the previous couple of equations in term of the spin 3 primary field v 3 = u 3 − θu ′ 2 as follows
This couple of equations define the θ-extended Boussinessq equation. Its secondorder form is obtained by differentiating the first equation in eq.(103) with respect to t 2 and then using the second equation. We find
Equivalently one may write
Recall that the classical Boussinesq equation is associated to the sl 3 -Lax differential operator
with v 3 = u 3 − 1 2 u ′ 2 defining the spin-3 primary field. This equation which takes the following form
where a, b are arbitrary constants, arises in several physical applications. Initially, it was derived to describe propagation of long waves in shallow water [27] . This equation plays also a central role in 2d conformal field theories via its GelfandDickey second Hamiltonian structure associated to the Zamolodchikov w 3 non linear algebra [8] .
Actually all these important results are extended to the non-commutative θ-deformed case [21] [22] [23] [24] [25] . Similarly the third couple of equations (102) can be equivalently written as
2 )} (108)
To close this section note that other flows equations associated to (sl 2 )-KdV and (sl 3 )-Boussinesq hierarchies can be also derived once some lengthly and hard computations are performed. One can also generalize the obtained results by considering other sl n integrable hierarchies with n > 3.
5 Dressing gauge group, covariantization of sl n − Σ (0,n) n
Lax operators and primarity condition
The principal focus of this section is to present an alternative way to discuss conformal primary fields in the Das-Popowicz Moyal momentum algebra. Recall that the standard method for constructing primary fields w k , is based on the well known covariantization method of Lax differential operators of Di-FrancescoItzykson-Zuber (DIZ) [15] .
This method has leads to build in a successful way all the w k conformal primary fields as functions of the old ones u k , k = 2, 3, 4, ... by covariantizing the corresponding Lax operators. Actually this method was extended and applied to the Moyal momentum case by the authors of [24] and has leads to build in a systematic way the θ-deformation of the classical w k -algebra.
Using some properties that we presented in an unpublished note [26] , we will next show how one can interpret the DIZ-covariantization of Moyal momentum Lax operators presented in [24] , as being a dressing gauge transformation in the Das-Popowicz Mm algebra. The idea consists in searching for the dressing gauge symmetry which ensures the primarity condition of the w k -currents. This request makes strong constraints on the dressing gauge parameters and provides a geometrical interpretation of the primarity condition.
Note by the way that we will use two kinds of dressing operators: K[a, u, V ] and K[a, u, w] corresponding to the dressing groups ensuring the transition from the ordinary basis {u k } to the intermediate basis {V k } and the primary basis {w k } respectively.
The dressing gauge group of sl
Let us first start by defining the dressing gauge symmetry group. Elements of this group (called also the Volterra gauge group) [26] are given by the Lorentz scalar momentum operators
where a j ≡ a j (x, t) are arbitrary analytic functions of conformal spin j ∈ Z. This momentum operator belonging to Σ (−∞,0) 0 can be also written in Σ
The functions a i , to which we shall refer hereafter to as the dressing gauge parameters, can be expressed in terms of the residue operation as follows
Next, we show how one can see the dressing group as a gauge symmetry of the space sl n − Σ (0,n) n . The idea consists in considering the following mapping
Lax operator, and searching for the explicit form of the dressing operators
are also sl n − Σ (0,n) n Lax operators.
To be more precise, let's consider for simplicity the following first non trivial example
Using eq. (114) and performing lengthy computations, we present here bellow, the first leading coefficient-functions of
2 + 6θa
...
from which we can derive the constraint equations
The next step is to solve these equations, which means to find the explicit form of the dressing gauge parameters a i . This job seems to be tedious as we ignore for the moment how one can express the new fields V i in terms of the old ones u i .
Simplifying eqs.(116), with the choice (a 1 = 0), we obtain V 2 = u 2 and
Using dimensional arguments, we can set
where α is a coefficient number that we can explicitly fix. With this value of a 2 one can then split the set of equations (117) into two kinds of equations namely
giving the expressions of the new fields (V 2 , V 3 ) in terms of the old ones (u 2 , u 3 ), and
Later on we will discuss the particular situation where the fields V i are considered as primary fields a fact which makes the solving of the dressing gauge parameters much more easiest and also interesting. In fact, as we are working in sl 3 − Σ . With this fixed value, the previous equations reduce simply to
2 − θ(
The derived eqs.(121) correspond to the parameters of the dressing gauge group K[a, u, V ] ensuring the passage from the old basis {u 2 , u 3 } to the new primary conformal basis {V 2 , V 3 } where V 3 is the primary field of conformal spin 3 which reads by virtue of eq.(119) as
We remark through this example that there exist two kinds of parameters. The first kind stands for the gauge dressing parameters a i , 1 ≤ i ≤ 4 which are well defined and the second kind contains the parameters a i , i > 4 which are not well defined as shown for example for a 5 .
The undefined parameters are to be considered as extra gauge dressing parameters. In fact the knowledge of the first dressing parameters a i , 1 ≤ i ≤ 4 is enough to ensure the primarity condition for the fields {u 2 , u 3 } and then to build the dressing gauge group associated to
The second example that we give is the sl 4 case given by
Explicit computations give
... (123) once we set a 1 = 0 corresponding to u 2 = V 2 .
Furthermore, setting once again a 2 = αu 2 , we obtain
and the following first leading dressing gauge parameters
Actually, the techniques developed for the previous two examples (n = 3, 4), are generalizable to sl n − Σ (0,n) n , n ≥ 5 and the same induced algebraic properties are shown to apply also for higher order conformal spin gauge parameters a i , i > 5. We have for arbitrary n
These generalized expressions show among others that the parameter of the gauge dressing group are given by
Setting n = 3, 4 associated to L 3 and L 4 we recover the values of a 2 = − 1 6
u 2 respectively. To summarize, we can then construct a gauge symmetry group of the DasPopowicz momentum subspaces sl n − Σ (0,n) n which is nothing but the dressing group whose elements are the Lorentz scalar dressing momentum operators K [a] . Requiring the invariance of sl n momentum Lax operators under the action of this dressing group makes strong constraint on the gauge parameters a i as its explicitly shown in the sl 3 and sl 4 described examples.
These techniques are also important as they allow us to interpret the mapping
between two different basis of conformal fields as being a gauge choice on some orbit that we call the dressing gauge orbit. Elements of this orbit are well defined gauge dressing groups {K i [a]} such that each position on this orbit is characterized by a fixed dressing operator K i [a] which fixes in turn the gauge group.
The basis of conformal primary fields {w k }, that we will discuss later, may be interpreted as a choice of a position on the gauge orbit. This position corresponds to a particular dressing gauge operator
, w] whose parameter are the ones ensuring the transition from the ordinary basis {u i } to the primary conformal one {w i }.
We represent this orbit as follows: 
The natural "primarity" realization
Having discussed the structure of the gauge symmetry group of the Das-Popowicz momentum subspaces sl n − Σ (0,n) n , we will now show how one can naturally realize the v n -currents just by exploiting the definition of the star product. The notation {v n } is introduced to refer to the natural "primary" fields basis distinguished from the {w k } primary basis obtained from the θ-extended DIZ covariantization mechanism [24] .
In fact consider the following momentum sl n -Lax operator
for which we set u 0 = 1 and u 1 = 0. As discussed previously, these sl n -Lax operators are simply elements of the coset space Σ (0,n) n / Σ
(1,1) n that we denote as sl n -Σ (0,n) n . One easily check that the sl n -Lax operators can be written in the space sl n -Σ (0,n) n as follows
where the v i are conformal fields depending on the ordinary ones {u i } and their derivatives as well as in the θ parameter. We easily show that the set of equations for the v i -fields is explicitly given by
These expressions show the possibility to realize, in a natural way, the conformal fields v i in terms of the ordinary ones {u i } and their derivatives just by looking at the momentum Lax operators of sl n -Σ (0,n) n as being also momentum Lax operators of sl n -Σ (0,n) n . Note also that the first relations
coincide exactly with the result obtained by using the DIZ covariantization of Moyal momentum Lax operators as done in [24] . The v 2 = u 2 is nothing but the the analogue of the spin 2 conformal current of 2-dimensional CFT theories and which does not transform as a primary field and v 3 is the primary spin 3 current.
The major difference between the two approaches is that in the natural realization, we do not require anything for the fields v i wile in the Moyal DIZ covariantization a condition for these new fields to be primary is required.
Nevertheless, forgetting about the non-linear terms in the primary basis realization in [24] , one can easily observe the striking resemblance with the natural realization eqs.(132). To illustrate this point, let's consider the following result established by the authors of [24] for the primary w k -fields
The linear truncation of eqs.(134) leads to the same global form of the natural realization eqs.(132). One can then conclude that the star product framework provides a natural realization of the primary conformal field v 3 without any condition. For higher spin fields, v i , i = 4, 5, ..., the natural realization can be seen as a linear truncation of the DIZ covariantization a la Moyal [24] . Now its important to look for the dressing gauge group ensuring the transition to the natural primary basis {v i } eqs.(132). Straightforward computations based on the previous analysis lead to the following result corresponding the sl 4 -case. and
3 The different mapping of sl 3 -momentum Lax operators L 3 (u)
or L 3 (w) correspond to the same realization of the spin-3 field, namely v 3 = V 3 = w 3 = u 3 − θu 
These parameters define the gauge dressing group that we are searching for.
The gauge group of primary fields
The dressing gauge symmetry group is used once again to interpret the primarity condition of higher spin fields as being a gauge choice on the so called dressing gauge symmetry group. The idea consist in considering the dressing operators eq.(109) such that the following transformation
corresponds to the passage from the ordinary basis {u k } to the associated conformal primary one {w k }. The primarity condition of the fields w k eqs.(134), makes strong constraint on the dressing parameters a i whose knowledge is sufficient to determine completely the dressing gauge group
To do so, let's start from the n − th order sl n -momentum Lax operators L n (u) eq.(126) and consider the following relation
This formula, generalizing the DIZ standard one [15] to the non-commutative case, is the key step towards deriving the primarity condition as well as the conformal transformation law of the u i conformal fields under the diffeomorphism
whereũ is the transform of u under the conformal change eq(140) and where the conjugate momenta ofx with respect to the Moyal bracket is given bỹ
such that {p,x} θ = 1. The symbol J = J(x) is the Jacobian of the transformation eq.(140) given by J(x) ≡ ∂x ∂x
What we find in general is that the u-currents do not obey the primarity condition. One needs to restore this primarity property a fact which puts all the higher spin currents into Virasoro representations. The procedure is that one may perform adequate change of variables in the space of the u-fields as done by D-Francesco et al [15] in the classical framework and by M.H.Tu et al [24] in the Moyal deformation case.
Our principal next goal is to show that this procedure is nothing but the result of a dressing gauge transformation in the space Σ
To illustrate this result recall once again, that the dressing group acts on the algebra sl n − Σ (0,n) n through its adjoint representation. Using eq(138), one find that the w k -currents may be expressed completely into the gauge parameters a k , the fields u k and their k-th derivatives.
Next, using the fact that the w k 's are primary fields, one can determine the corresponding dressing gauge group. To show how these things work, let's start by solving eq.(138) for the first non trivial example based on the sl 4 
Lax operator.
Consider eq.(123) for the primary fields
and using the result, eqs(134), found in [24] for the first primary fields namely
Then, substituting these expressions of the primary fields into eq(143) we obtain after solving the equations
The general situation consists in considering, as previously, the sl n -Σ
Lax operators
satisfying the following gauge symmetry transformation, under the action of the dressing gauge group K[a, w],
These generalized expressions are simplified by setting w 2 = u 2 which corresponds to the vanishing of the coefficient of p n−2 . They show among others that the parameter of the gauge dressing group associated to the primarity condition read as a 1 = 0
where we have used eqs.(134) giving the expressions of the primary fields w k in terms of the fields u k .
Concluding remarks
Let us summarize the content of this work:
We have presented a systematic study of so called Moyal momentum algebra (Mm algebra) [21] that we call the Das-Popowicz Mm algebra, denoted in our convention notation by Σ θ [25] . This is the huge space of momentum Lax operators of arbitrary conformal spin m,m ∈ Z and arbitrary higher and lowest degrees (r, s) reading asL (r,s)
We study the algebraic properties of Σ θ and its underlying sub-algebras Σ (r,s) m and show that among all these spaces only the subspace Σ (−∞,1) 0 which defines a Lie algebra structure with respect to the Moyal bracket.
We define two kind of residue operations, exhibiting both a conformal spin equal to 1 and which act on two different spaces but with value on the ring Σ (0,0) .
We introduce a degrees pairing product 
showing that the spaces Σ with respect to the Res-operation [7] .
We introduce also a combined scalar product , which carries the right conformal spin quantum number namely [ , ] = 0. This is very important towards building the θ analogue of the GD second Hamiltonian structure.
The particular sub-algebra sl n − Σ (0,n) n built out of the sl n momentum Lax operatorsL (0,n) n (u) = n i=0 p i ⋆ u n−i , with u 0 = 1 and u 1 = 0, is applied to field theory building. Indeed, using the properties of this sub-algebra we were able to construct the θ-Liouville conformal model ∂∂φ = 2 θ e 
and its sl 3 -Toda extension. 
We show also that the central charge, a la Feigin-Fuchs, associated to the spin-2 conformal current of the θ-Liouville model is given by
The results obtained for the Das-Popowicz Mm algebra, are applied to study some properties of sl 2 -KdV and sl 3 -Boussinesq integrable hierarchies. Our contributions to this study consist in extending the results found in [23] by increasing the order of computations a fact which leads us to discover more important properties as its explicitly shown in sec(4).
As an original result, we build the θ-deformed sl 3 -Boussinesq hierarchy and derive the associated θ-flows. The second flow corresponds to the θ-Boussinesq equation given by u 2 v 3 t 2 = − 2 3 −3v
The next step concerns the θ-generalization of some properties, that we presented in an unpublished note [26] , based essentially on the idea to use the dressing gauge group of Lorentz scalar momentum operators K[a] to discuss the Moyal DIZ-covariantization of sl n − Σ (0,n) n Lax operators and the primarity condition.
from different basis of conformal fields belonging to the ring Σ (0,0) n , n ≥ 0 and on the primarity condition on the other hand. In fact, our request of the invariance of sl n momentum Lax operators under the action of the dressing gauge group makes strong constraints on the gauge parameters a i as it's explicitly shown in the sl 3 and sl 4 examples of sec. (5) . Once these parameters are well derived, the associated gauge group is then explicitly determined.
In the same philosophy, the transition to a primary basis w k can be achieved via a dressing gauge group that we can explicitly determine. The knowledge of this gauge symmetry may provides a geometrical interpretation of the primarity condition of conformal fields as being a gauge choice on some orbit that we call the dressing gauge orbit. Elements of this orbit are well defined gauge dressing groups {K i [a]} such that each position on this orbit is characterized by a fixed dressing operator K i which fixes in turn the gauge group.
Throughout the computations that we performed, we selected some remarks that we present here:
1. Some parameters of the dressing gauge group show a globally defined behavior (integral form). One can circumvent this property, originated from the operator character of the star product, by ignoring the non linear terms, which means also, doing a linear truncation on the dressing gauge group.
But this way to proceed makes the gauge symmetry partially defined. In order to avoid these kind of linear truncations, one has to consider from the beginning that the dressing group {K[a]} ensuring the transition between deferents basis as a finite dimensional set, where only a finite number of the parameters a k which are well defined. This assumption is actually compatible with the derived results that we presented in the explicit examples of sec.(5).
2.
As signaled in our last work [25] , one can eventually consider fractional momentum algebra based on objects type p a b and whose Leibnitz rule is shown to take the following form 
This is a more general Moyal algebra as it can describes, formally, fractional spin objects and from which one can also recover all the known properties of the DasPopowicz Mm algebra based on integer powers of the momenta.
It would be very interesting to look for the contribution and the meaning of these fractional powers of momenta in the framework of non-commutative KdVhierarchies and also in the field theory building. This and other important points will be considered in our forthcoming works.
